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Abstract. Our final goal of this study is to develop a bicycle riding support system. To develop the
such system, because difficulties to ride bicycle are caused by its non linearity, it is important to consist
of a strict nonlinear model of a bicycle. In this paper using the Projection Method and making out some
appropriate constraint conditions, a way to derive a nonlinear bicycle model on the three-dimansional
space is proposed. Some numerical simultions show the validity of the model.

1 Introduction
The automobile is one of the most familiar vehicle. But, in the recent years, the automobile has a lot of

problems such as the greenhouse gases caused by automobiles, the cost of fuel up and so on. In this situation,
riding a bicycle attracts attentions again as a no-emission vehicle. The bicycle also has many advantages such as
keeping and increasing rider’s health, relief of traffic congestion and energy efficiency. However, since the bicycle
is an unstable system, a certain amount of skill is needed to perform stable riding. Especially, when the speed is
low, its instability is increased. Therefore, riding support systems are needed for elderly people who can’t treadle
by an appropriate force at statring time, so the speed of the bicycle is low. Riding support systems are also needed
for beginners for the same reason like as the elderly people. Many study on two-wheeled vehicles such as bicycles
and electric motorbikes have been done[1][2]. Saguchi[3] has realized stable running on straight-line and curve
motions using a model which is considered the skid of the wheels. Satou[4] has realized stabilizing a bicycle to
control a handle and center of gravity(COG) by an attached cart-mass system. In these conventional studies, since
only stabilizing at the upright position is considered, linear models that are linearized near the operating point is
used. Especially, there is no literature using a model that is considered strict nonlinearity of the bicycle on the
three-dimensional space, so it is difficult to consider stabilizing a bicycle when its speed is low. Therefore, our
final goal of this study is to develop a stable bicycle riding support system using a strict nonlinear model of a
bicycle.

In this paper, to consist of a strict nonlinear bicycle model, the Projection Method[5] is used. Each part of a
wheel, a handle and a frame are modeled as subsystems, and these are connected by appropriate constraint forces
that are not easy to derive. Validity of the model is shown using numerical simulations.

2 Modeling of a bicycle on the three-dimensional space
To derive a model of a bicycle, we assume that the equation of the motion of the wheel on the two-dimensional

plane has already derived by the Projection Method. Fixing the two wheels and the handle by appropriate constraint
conditions that are not easy to derive, the equation of the motion of the bicycle is derived by the Projection Method.

The model of the bicycle is shown in Figure 1 and Figure 2. Parameters of the bicycle is shown in Table 1.

2.1 The generalized coordinates, the generalized velocities and the transform matrix

The generalized coordinates xa and the generalized velocities va are defined as follows:

xa =
[

θF φF ψF θR φR ψR θH φH ψH xH yH zH

θFM φFM ψFM xFM yFM zFM
]T

,

va =
[

ωxR ωyR ωzH ωxF ωyF ωzF ωzR ωxH ωyH vxH vyH vzH

ωxFM ωyFM ωzFM vxFM vyFM vzFM
]T

.
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Figure 1: A bicycle model and its coordinate systems
and parameters on 3D-space.

h
δ

h
lhlhlhl

h
r
h
r
h
r
h
r

Z

YX

F
r
F
r
F
r
F
r

R
r
R
r
R
r
R
r

b
l

r
l

fl fl fl fl

Figure 2: A bicycle model and its coordinate systems
and parameters on the lateral plane.

Table 1: The parameter definition

Mass of the front wheel mF [kg] 1.5
Radius of the front wheel rF [m] 0.33

Mass of the rear wheel mR[kg] 1.5
Radius of the rear wheel rR[m] 0.33

Wheelbase lb[m] 1.07
Mass of the handle mH [kg] 1.0

Length of the front fork lh[m] 0.55
Angle of the front fork δh[m] 20.0

Offset of the front wheel rh[m] 0.06
Mass of the frame mFM[kg] 16.0

Length from the rear wheel to the frame lb[m] 1.07
Height of the frame l f [m] 0.5

Inertia moment of the front wheel about xF，zF axis IxzF [kg ·m2] 0.04
Inertia moment of the front wheel about yF axis IyF [kg ·m2] 0.08

Inertia moment of the rear wheel about xR，zR axis IxzR [kg ·m2] 0.04
Inertia moment of the rear wheel about yR axis IyR [kg ·m2] 0.08

Inertia moment of the handle about xH，zH axis IxzH [kg ·m2] 0.01
Inertia moment of the handle about yH axis IyH [kg ·m2] 0.01

Inertia moment of the frame about xFM，zFM axis IxzFM [kg ·m2] 0.81
Inertia moment of the frame about yFM axis IyFM [kg ·m2] 1.62

Transformation matrix between xa and va was represented as

Aa =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 1 − tanθF 0 0 0 0 0
0 0 0 0 0 (cosθF )−1 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 − tanθR 0 0 0 0
0 0 0 0 0 0 (cosθR)−1 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0
0 0 − tanθH 0 0 0 0 0 1 0 0
0 0 (cosθH )−1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 cosφH −(cosθH sinφH )
0 0 0 0 0 0 0 0 0 sinφH cosφH cosθH
0 0 0 0 0 0 0 0 0 0 sinθH
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0

sin φH sinθH 0 0 0 0 0 0
−(cosφH sinθH ) 0 0 0 0 0 0

cosθH 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 − tanθFM 0 0 0
0 0 0 (cosθFM)−1 0 0 0
0 0 0 0 cosφFM −(cosθFM sinφFM) sinφFM sinθFM
0 0 0 0 sinφFM cosφFM cosθFM −(cosφFM sinθFM)
0 0 0 0 0 sinθFM cosθFM

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

.
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2.2 The generalized mass matrix and the generalized forces matrix

The dynamical system without any constraint can be derived using generalized coordinates. The equation of
motion about the wheel is represented as

(Iw +mwrw
2)ω̇xw =gmwrw sinθw +(Iyw +mwrw

2)ωywωzw − Ixzw tanθwωzw
2,

(Iyw +mwrw
2)ω̇yw =−mwrw

2ωxwωzw,

Ixzwω̇zw =ωzw(−Iywωyw + Ixzw tanθwωzw).

(1)

The equation of motion about the handle and the frame are derived by Newton-Euler Method.

IxzH ω̇xH =ωzH(−IxzH tanθHωzH + IyHωyH)

IyH ω̇yH =0
IxzHω̇zH =ωxH(IxzH tanθHωzH + IyHωyH)

mHv̇xH =mH(vyH − tanθHvzH)ωzH

mHv̇yH =−mH(gsinθH − vzHωxH + vxHωzH)

mHv̇zH =−mH(gcosθH + vyHωxH − tanθHvxHωzH)

IxzFMω̇xFM =ωzFM(−IxzFM tanθFMωzFM + IyFMωyFM)

IyFMω̇yFM =0
IxzFMω̇zFM =ωxFM(IxzFM tanθFMωzFM + IyFMωyFM)

mFMv̇xFM =mFM(vyFM − tanθFMvzFM)ωzFM

mFMv̇yFM =−mFM(gsinθFM − vzFMωxFM + vxFMωzFM)

mFMv̇zFM =−mFM(gcosθFM + vyFMωxFM − tanθFMvxFMωzFM)

(2)

Therefore, the generalized mass matrix Ma and the generalized forces matrix ha of the bicycle without any con-
straint is represented as

Ma =diag(IxzR +mRrR
2, IyR +mRrR

2, IxzH , IxzF +mF rF
2, IyF +mF rF

2,

IxzF , IxzR, IxzH , IyH , mH , mH , mH , IxzFM, IyFM, IxzFM, mFM, mFM, mFM),

ha =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

gmRrR sin θR +(IyR +mRrR
2)ωyRωzR − IxzR tanθRωzR

2

−mRrR
2ωxRωzR

ωxH(IxzH tanθHωzH − IyHωyH)
gmF rF sinθF +(IyF +mF rF

2)ωyF ωzF − IxzF tanθF ωzF
2

−mF rF
2ωxF ωzF

ωzF(−IyF ωyF + IxzF tanθF ωzF)
ωzR(−IyRωyR + IxzR tanθRωzR)

ωzH(−IxzH tanθHωzH + IyHωyH)
0

mH(vyH − tanθHvzH)ωzH
−mH(gsinθH − vzHωxH + vxHωzH)

−mH(gcosθH + vyHωxH − tanθHvxHωzH)
ωzFM(−IxzFM tanθFMωzFM + IyFMωyFM)

0
ωxFM(IxzFM tanθFMωzFM − IyFMωyFM)

mFM(vyFM − tanθFMvzFM)ωzFM
−mFM(gsinθFM − vzFMωxFM + vxFMωzFM)

−mFM(gcosθFM + vyFMωxFM − tanθFMvxFMωzFM)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

.

2.3 The constraint matrix

The constraint conditions between the front wheel and the rear wheel are held as follows:

• The relation between the arc by the front wheel and the arc by the rear wheel is

rF ψF cos(φF −φR) = rRψR. (3)
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• The relation between the arc by the front wheel and the track by the rear wheel is

rF ψF sin(φF −φR) = lbφR. (4)

• The relation between inclination of the front wheel and the rear wheel is

rRωxR cosθR =rF ωxF cosθF cos(φF −φR). (5)

The constraint conditions between the front wheel and the handle are held as follows:

• The positional constraint that the handle is connected to the front wheel is

xH = Rz(φH)Rx(θH)Ry(ψH),

⎡⎣−rh
0
lh

⎤⎦+ xF (6)

where xF =
[
xF yF zF

]T is the vector of COG of the front wheel and, xH =
[
xH yH zH

]T is the vector
of COG of the handle.The rotation matrix Rz(φH), Rx(θH), Ry(ψH) are represented as

Rz(φH) =

⎡⎣cosφH −sinφH 0
sinφH cosφH 0

0 0 1

⎤⎦ , (7)

Rx(θH) =

⎡⎣1 0 0
0 cosθH −sinθH
0 sinθH cosθH

⎤⎦ , (8)

Ry(ψH) =

⎡⎣ cosψH 0 sinψH
0 1 0

−sinψH 0 cosψH

⎤⎦ . (9)

• The relation between the angle of inclination of the front wheel and the angle of inclination of the handle,
and the relation between the steering angle of the front wheel and the steering angle of the handle are

θF = θH , (10)
φF = φH . (11)

• The relation between the front fork angle and the handle angle is

ψH = −δh. (12)

The constraint conditions between the rear wheel and the frame are held as follows:

• The positional constraint that the frame is connected to the rear wheel is

xFM = Rz(φFM)Rx(θFM)Ry(ψFM)

⎡⎣ lr
0

l f − rR

⎤⎦+ xR, (13)

where xR =
[
xR yR zR

]T is the vector of COG of the rear wheel and, xFM =
[
xFM yFM zFM

]T is the
vector of COG of the frame. The rotation matrix Rz(φFM), Rx(θFM), Ry(ψFM) are represented as

Rz(φFM) =

⎡⎣cosφFM −sinφFM 0
sinφFM cosφFM 0

0 0 1

⎤⎦ , (14)

Rx(θFM) =

⎡⎣1 0 0
0 cosθFM −sinθFM
0 sinθFM cosθFM

⎤⎦ , (15)

Ry(ψFM) =

⎡⎣ cosψFM 0 sinψFM
0 1 0

−sinψFM 0 cosψFM

⎤⎦ . (16)

• The relation between the angle of inclination of the rear wheel and the angle of inclination of the frame, and
the relation between the steering angle of the rear wheel and the steering angle of the frame are

θR = θFM, (17)
φR = φFM. (18)
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• The relation of the pitch angle of the frame is

ψFM = 0. (19)

Using these constraints and the tangent velocity q̇ =
[
ωxR ωyR ωzH

]T , the constraint matrix of the system is
represented as

Ca =
[
Ca1 Ca2

]
, (20)

where the matrix Ca1 that is multiplied by the tangent velocity of Ca is represented as

Ca1 =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 rR 0
0 0 0

−rR cosθR 0 0
0 0 α3,3
0 0 α4,3
0 0 −sinθH(rh cosψH − lh sinψH)
0 0 0
0 0 cosθH
0 0 − tanθH

rR cosθR sinφR rR cosφR 0
−rR cosθR cosφR rR sinφR 0

−rR sinθR 0 0
1 0 0
0 0 0
0 0 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

and the matrix Ca2 that is multiplied by vectors that consist of the other part of the tangent velocity is represented
by

Ca2 =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 α1,5 α1,6 α1,7 0 0 0 0
0 α2,5 α2,6 α2,7 0 0 0 0

α3,4 0 0 0 0 0 0 0
α4,4 α4,5 0 0 α4,8 α4,9 α4,10 α4,11
α5,4 α5,5 0 0 α5,8 α5,9 α5,10 α5,11
α6,4 0 0 0 α6,8 α6,9 0 α6,11
−1 0 0 0 1 0 0 0
0 0 −cosθF 0 0 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 cosθR 0 0 0 0
0 0 0 0 0 0 0 0

0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0

α4,12 0 0 0 0 0 0
α5,12 0 0 0 0 0 0
α6,12 0 0 0 0 0 0

0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 α10,13 α10,14 α10,15 α10,16 α10,17 α10,18
0 α11,13 α11,14 α11,15 α11,16 α11,17 α11,18
0 α12,13 α12,14 α12,15 0 α12,17 α12,18
0 −1 0 0 0 0 0
0 0 0 −cosθFM 0 0 0
0 0 1 − tanθFM 0 0 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

where

α3,3 =cosθH(sinφH(rh cosψH − lh sinψH)+ cosφH sinθH(lh cosψH + rh sinψH))

− (sinθH sinφH(rh cosψH − lh sinψH)+ cosφH(lh cosψH + rh sinψH)) tanθH ,

α4,3 =cosθH(cosφH(lh sinψH − rh cosψH)+ sinθH sinφH(lh cosψH + rh sinψH))

− (cosφH sinθH(lh sinψH − rh cosψH)+ sinφH(lh cosψH + rh sinψH)) tanθH
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α1,5 =− rF cos(φF −φR),

α1,6 =rF cos(φF −φR) tanθF + rF secθF sin(φF −φR)ψF ,

α1,7 =− rR tanθR − rF secθR sin(φF −φR)ψF ,

α2,5 =− rF sin(φF(t)−φR),

α2,6 =rF sin(φF −φR) tanθF − rF cos(φF −φR)secθF ψF ,

α2,7 =secθR(lb + rF cosφF −φRψF),

α3,4 =rF cosθF cos(φF −φR),

α4,4 =rF cosθF sinφF ,

α4,5 =rF cosφF ,

α4,8 =cosθH sinφH(lh cosψH + rh sinψH),

α4,9 =sinθH sinφH(rh cosψH − lh sinψH)+ cosφH(lh cosψH + rh sinψH),

α4,10 =− cosφH ,

α4,11 =cosθH sinφH ,

α4,12 =− sinθH sinφH ,

α5,4 =− rF cosθF cosφF ,

α5,5 =rF sinφF ,

α5,8 =− cosθH cosφH(lh cosψH + rh sinψH),

α5,9 =cosφH sinθH(lh sinψH − rh cosψH)+ sinφH(lh cosψH + rh sinψH),

α5,10 =− sinφH ,

α5,11 =− cosθH cosφH ,

α5,12 =cosφH sinθH ,

α6,4 =− rF sinθF ,

α6,8 =− sinθH(lh cosψH + rh sinψH),

α6,9 =cosθH(rh cosψH − lh sinψH),

α6,11 =− sinθH ,

α6,12 =− cosθH ,

α10,13 =cosθFM sinφFM((l f − rR)cosψFM − lr sinψFM),

α10,14 =cosφFM((l f − rR)cosψFM),

− lr sinψFM − sinθFM sinφFM(lr cosψFM +(l f − rR)sinψFM),

α10,15 =cosθFM(cosφFM sinθFM((l f − rR)cosψFM − lr sinψFM),

− sinφFM(lr cosψFM +(l f − rR)sinψFM))− (cosφFM((l f − rR)cosψFM,

− lr sinψFM)− sinθFM sinφFM(lr cosψFM +(l f − rR)sinψFM)) tanθFM,

α10,16 =− cosφFM,

α10,17 =cosθFM sinφFM,

α10,18 =− sinθFM sinφFM,

α11,13 =cosθFM cosφFM((rR − l f )cosψFM + lr sinψFM),

α11,14 =sinφFM((l f − rR)cosψFM − lr sinψFM)+ cosφFM sinθFM,

(lr cosψFM +(l f − rR)sinψFM),

α11,15 =cosθFM(sinθFM sinφFM((l f − rR)cosψFM − lr sinψFM),

+ cosφFM(lr cosψFM +(l f − rR)sinψFM))− (sinφFM((l f − rR)cosψFM,

− lr sinψFM)+ cosφFM sinθFM(lr cosψFM +(l f − rR)sinψFM)) tanθFM,

α11,16 =− sinφFM,

α11,17 =− cosθFM cosφFM,

α11,18 =cosφFM sinθFM,

α12,13 =sinθFM((rR − l f )cosψFM + lr sinψFM),

α12,14 =− cosθFM(lr cosψFM +(l f − rR)sinψFM),

α12,15 =sinθFMlr cosψFM + l f − rR sinψFM,

α12,17 =− sinθFM,

α12,18 =− cosθFM.
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2.4 The orthogonal complement matrix to the constraint matrix

The generalized velocity va is devided into tangent velocity q̇ and the other ṽ. Because Cava = 0,

Cava =
[
Ca1 Ca2

][
q̇
ṽ

]
= Ca1q̇+Ca2ṽ = 0.

Therefore,

ṽ = −Ca2
−1C1q̇.

Hence, the orthogonal complement matrix Da satisfies CaDa = 0 and Cava = 0 is represented by

Da =

[
I

−Ca2
−1Ca1

]
. (21)

2.5 Dynamical system with constraints

Dynamical system of the constrained system with the constraint reaction forces CT
a λ are derived as follows:

Mav̇a = ha +CT
a λ , (22)

where λ is the Lagrange’s multipliers. Eliminating λ from (22), the motion equation of the bicycle is derived as

DT
a MaDaq̈+DT

a MaḊaq̇ = DT
a ha.

3 Model verification
The nonlinear model that is derived in the previous section is verified to compare with behaviors of the real

system and numerical simulations using it. The initial velocity of the rear wheel is 0.0 [rad/s]. Trajectories of the
steering angle φh and the inclination angle of the frame θFM are shown in Figure 3. In the results, initial velocity of
the rear wheel is set to 0.0 [rad/s] and initial inclination of the frame is set to 0 [deg]. From Figure 3, It is shown
that the steering angle and the inclination angle of the real system and these of the nonlinear model are not same.
Because it is difficult to set the initial steering angle of the real system at φh = 0, in fact, the initial steering angle
is 0.4 [deg]. Therefore, we simulate two cases. One is the initial steering angle is set to 0.4 [deg], and the other one
is the initial steering angle is set to 30 [deg]. The results are shown in Figure 4 and Figure 5.
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Figure 3: Trajectories of the steering angle φh and the inclination angle of the frame θFM when the initial inclination of
the frame is set to 0 [deg].
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Figure 4: Trajectories of the steering angle φh and the inclination angle of the frame θFM when the initial inclination of
the frame is set to 0.4 [deg].
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Figure 5: Trajectories of the steering angle φh and the inclination angle of the frame θFM when the initial inclination of
the frame is set to 30 [deg].
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Figure 6: The trajectorys of the inclination angle of the frame for the proposed nonlinear model and the linear model.

From Figure 4, the handle rotates towards the angle which the frame is inclined when the frame is inclined. From
Figure 5, the handle rotates towards the angle which the frame is not inclined when the frame is inclined. From
Figure 4, and Figure 5, the behaviors of the proposed nonlinear model is similar to the real system indies.

To show the validity of the proposed nonlinear model, it is compared with the linear model by the simulation.
The trajectries of the inclination angle of the frame for both models is shown in Figure 6. From Figure 6, it is
clearly shown that the inclination angle of the linear model is deffer from the angle of the nonlinear model after
θFM = 30 [deg], so the conventional linear models is not so useful to consider stablizing the bicycle in the wide
inclination angles. Therefore, the nonlinear model is very important to develop a stable bicycle riding support
system and analyze the stability of the bicycle under various situations.
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4 Conclusion and future work
In this paper using the Projection Method and making out some appropriate constraint conditions, a way to

derive a nonlinear bicycle model on the three-dimansional space is proposed. To show the validity of the nonlinear
bicycle model, some numerical simulations are done. The simulation results also show differences between the
nonlinear model and the conventional linear models that is very important to develop a stable bicycle riding support
system and analyze the stability of the bicycle under various situations. To develop a more accurate nonlinear
model, it is conncected a saddle, pedals and crank mechanisms to the proposed model using the Projection Method
and some appropriate constraint conditions for the new attached parts, is a future work. The accurate nonlinear
model helps to consider human inputs and to develop a stable bicycle riding support system.
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