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Abstract. In many application situations, the researcher is confronted with the problem that there is a 
set of data sources available, e.g. measurements that refer to the same measured value, that substan-
tially differ in data quality. Data quality in this context shall be defined along the criteria completeness 
(lost data, gaps, ...), scale (high – low), and precision (measurement error). Existing data explorations 
mostly concentrate on one of these criteria and offer proprietary solutions only. Those proprietary solu-
tions are not capable to foster an integrative data interpretation that deals with measurements coming 
up from different data sources and measurement methods. However, putting together the data of differ-
ent measurement approaches could bridge missing data and improve data reliability. The objective for 
this paper is to develop a data analysis and validation workflow that allows to combine the given 
strongly varying data sets to a common view on the resulting dimension. 
To specify these tasks more precisely, the problem is formalized first giving every measured value an 
additional quality attribute. In consequence, the paper shows, how to use multiple measurements by 
different methods for improvement of the final result, how to incorporate the quality of the measure-
ment into the mapping function, how to use fuzzy-methods for the classification task, and how to visu-
alize the quality of the classification in the final 3D-representation.
Doing so, there are different levels of detail, the quality value can be specified: The most precise 
would be to attribute a distinguished value to every point (that means every tripel (x,y,z)) as implied by  
the formalism. For practical reasons, such an effort nor will be reasonable in respect to the time it 
would need to set a quality value for each point, neither it would be appropriate to the problem itself, 
because there is not that grade of differentiation in the measurements. Therefore, the level of differen-
tiation will be determined by a common quality value for a certain measurement or even for the meas-
urement method in general. This heuristic approach may be insufficient in respect to the granularity 
provided by the formalism and implies inaccuracies when different points are compared to each other 
within the data set of a single measurement, but for the overall interpretation of the data and in respect 
to the alternative interpretation pathways it is helpful to have a measure to compare the different data 
sets in regard on their contribution to the error minimization task in relation to the corresponding, 
competitive measurements. For practical reasons a general value for the measurement method will be 
pre-set that might be changed by the people who executed the measurements on level of measurement. 
For outliers the quality value can be overwritten explicitly on single point scale.  
The paper provides in its first part the proper formalisation of the problem as scetched so far in this ab-
stract, the second part will give a practical “to-do”-advice on the base of the MatLab Fuzzy-Toolbox 
and a self-developed collection of m-files and c-routines supporting the analysis and validating work-
flow to merge different measurements to an unique classification result.  

1. The Problem Description
The problem is well known from many investigations based on environmental measurements  [1], [5]: There are 
great differences in the quality of the data measured, for certain points in space there are no data available at all, in 
other segments of the 3D-space, however, data from different measurements is available and has to be assessed to 
gain a single result value for the corresponding points in space. In this situation, the general task splits into two sub-
tasks: Firstly, the visualization task to elaborate the 3D-model (e.g. of the soil layers, of concentration layers in the 
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air, or other structures found in the measurement data) from incomplete and uncertain data at all, and secondly the
task how to integrate fuzzy-defined knowledge and data quality into the visualization task to illustrate the confidence
level the method assigns to the values visualized.

2. Formalization of the Visualization Task
In these contexts as well as in many other situations, the researcher is confronted with two main problems: There is
already a software solution that is highly specialized for evaluation and visualization data generated by the related
measurement method and its corresponding hardware. However, the data format is proprietary and the methods of-
fered are restricted [7]. Those proprietary solutions are not capable to foster an integrative data interpretation that
deals with measurements coming up from different data sources and measurement methods. However, putting to-
gether the data of different measurement approaches could bridge missing data and improve data reliability.

To solve this integration and interpretation problem, a mathematical formalization is helpful, because it lifts the prob-
lem on an abstract level that shows the structural interdependencies. This is done here in the context of the HADU
project [1], but it might be generalized easily and could be adapted to any other visualization problem of environ-
mental data.

To find structures in the data, for every point in space a correspondent mapping or classification to a set of pre-
defined classes is necessary:

( x, y, z) L  i with x, y, z 
 R space coordinates 

     i 
 N class 

The measurements can be represented by functions of the following type, with X for the different data sources:

FX  :   ( x, y, z) L   uX with x 
KDX
x lKR 

 

y 
KDX
y lKR 

z 
KDX
z lKR

ux 
 R 

For the beginning, this formulation for the measuring functions neglects the fact that the measurement datasets will
be incomplete in the x,y,z-domain and that there might be only few categories for the value of u instead of the con-
tinuous range of R. 

3. Specification on Base of the Formalism
In this situation, we have a measured value for each position but for visualization and interpretation a mapping be-
tween the measured value and the classes observable is necessary. To get the intended classification for visualization,
there are two basic alternatives:
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Fig. 1: unification/interpretation variants

1. Do the mapping for each measurement function u first, and combine the results from this step later to a
common interpretation. (fig. 1.1) 

2. Combine the different measurements directly to the final classification. (fig. 1.2) 

These basic versions can be modified by recursive and interactive mapping variants:

3. Mixed classification: Individual classification for each measurement method first, integration to an over-all
classification by integrating raw data and individual classification results later on. (fig. 1.3a) Or: Integration
of all raw data sets for classification of the individual measurement results and the final integrative classifi-
cation i. (fig. 1.3b)

4. Feedback classification: Execute classification as described in alternative 1. to 3., but try to adapt the indi-
vidual classifications to the overall classification by a feedback calculation. Thereby, the depth of the feed-
back may be varied: depth 1 means feedback to the level of individual classifications, depth 2 means feed-
back to the level of measurements. (fig. 1.4a) This procedure can be modified by integrating the data of
other measurement methods for individual classification as in case 3b, what leads to a complete feedback
network between data and interpretations in analogy to fig. 1.3b.

A summarizing evaluation of these four variants leads to the following characteristics: The straight forward approach
seems to be easy, because it requires only knowledge on the workflow of the measurement method currently under
consideration. On the other hand, there is no support for the mapping task by additional data coming from additional
measurements. The integrative analysis in the mixed and feedback alternatives allows benefiting from other data

2055

Proceedings MATHMOD 09 Vienna - Full Papers CD Volume



sources but it demands for rules how to integrate these data and especially how to weight contradictionary interpreta-
tions.

In practice, there are very heuristical approaches mostly based on mathematical methods available instead of a goal
driven workflow for interpretation. In contrary to this, this paper emphasizes the formalism to force the users to give
a precise semantical meaning of every step in the interpretation workflow.

In general, the intention of all these variants is to close gaps in the measured data and to achieve better mapping qual-
ity. Therefore, the mapping function has to solve three problems that can be handled by the listed more or less known
methods (fig.2 outlines these major tasks):

- incomplete data: interpolation

- redundant data: error minimization

- uncertain data: fuzzy classification and fuzzy interpolation

With these formalisms, the initial tasks can be formulated more precisely in the form of positive callings to give con-
structive answers or at least hints for solution:

1. Use multiple measurements by different methods for improvement of the final result!

2. Incorporate the quality of the measurement into the mapping function!

3. Visualize the quality of the classification in the final 3D-representation!

4. Use fuzzy-methods for the classification task!

Doing so, there are two more inputs necessary, the user has to provide: quality information on each measurement and
the specification of the fuzzy classificator by member function, rules and defuzzyfication function. [6]

Fig. 2: basic tasks to generate a generalized interpretation
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4. Integrating a Measure for Data Quality 
So far, the way from raw data to the interpretation has been described. To integrate data quality, two dimensions 
have to be observed: On the one hand the quality provided by the raw data itself, on the other hand the quality or bet-
ter to say the error caused by the different functions and methods on the way from the raw data to the final classifica-
tion and interpretation. With these deliberations in mind, the quality can be represented within the introduced formal-
ism by an additional value for the function f and the resulting classification function k as follows: 

fQ  :   ( x, y, z ) L ( u, q )  with   x,y,z,u   analogue  FX

       q 
KQual quality range  

kQ  :   ( u, q )  L   ( i, q )   with  u, i  analogue  FX

       q 
KQual quality range  

With this definitions, we can look back to section 3 with the different alternatives for the data evaluation workflow 
and are able to set up a more algorithmically formalization for the alternatives. All the variants that use feedback or 
balancing pathways have to be realized by a loop structure in the form of iterative recalculation of the classification 
and the error minimization algorithm until an acceptable quality level will be reached. 

To complete the discussion, the definition of q as a value of the quality range Q has to be rendered more precisely. 
There are different possibilities to realize the quality attribute q:  

- qualitive value  

- fuzzy value 

- epsilon interval for the given value 

- quantitative value 

And there are different levels of detail, the quality value can be specified: The most precise would be to attribute a 
distinguished value to every point (that means every tripel (x,y,z)) as implied by  the formalism. For practical rea-
sons, such an effort nor will be reasonable in respect to the time it would need to set a quality value for each point , 
neither it would be appropriate to the problem itself, because there is not that grade of differentiation in the meas-
urements. Therefore, the level of differentiation will be determined by a common quality value for a certain meas-
urement or even for the measurement method in general. This heuristic approach may be insufficient in respect to the 
granularity provided by the formalism and implies inaccuracies when different points are compared to each other 
within the data set of a single measurement, but for the overall interpretation of the data and in respect to the alterna-
tive interpretation pathways it is helpful to have a measure to compare the different data sets in regard on their con-
tribution to the error minimization task in relation to the corresponding, competitive measurements. For the HADU 
system a general value for the measurement method will be pre-set that might be changed by the people who exe-
cuted the measurements on level of measurement. For outliers the quality value can be overwritten explicitly on sin-
gle point scale.  

5. Resulting Workflow and Design Decisions 
For the final user the workflow for integrating the different measurements and assessing them, is crucial for the final 
data quality. There are different sequences and interdependencies possible, which influence the intended final 3D-

2057

Proceedings MATHMOD 09 Vienna - Full Papers CD Volume



visualization. Figure 3 depicts the situation for the example of the HADU-project and will be interpreted according to 
the different steps in the workflow.

The figure starts on the left side with the situation in the domain measured (domain 3D), continues with the raw data
of the measurements (radar R, ambient vibrations AV, and wells W). These measurements have to be interpreted to
achieve the classification info, a step, which leads to the partial interpretation results IR, IAV, and IW or to an inter-
pretation I. Analogously, there are different ways to visualize the interpretations: independently on each other, as in-
tegrative 3D-model calculated on base of the partial interpretations, or without any interpretation based on pure raw 
data.

For the HADU project, the different pathways are still in discussion. Two main lines can be recognized in the current
state of the work: From the point of view of the users the visualization is intended as soon as possible to get a “feel-
ing” of the data measured. The commitment for an interpretation is postponed as far as possible to the end of the 
process. In contrary to these user demands, it seems optimal for good over-all visualizations to integrate data on the
base of existing and validated partial interpretations.

Fig. 3: workflow from raw data to interpretation and visualization

6. Treatment of Uncertainties by Fuzzy-Approaches 
The preceeding sections introduce a special attribute that describes the quality of the measurement, i.e. a valuation
for each point in space how accurate the measured value is estimated. So far, this attribute is introduced as a real
value attribute for each of the points in space under observation. For practical reasons, however, it is difficult to de-
termine the exact quality of a measurement integrating the different measurement devices and the context of the
measurement campaign. An exact quality value for each point will not be practicable, therefore. In contrary to the
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preceding theoretical section, the following example shall explain the fuzzy-set-based approach to realize a qualita-
tive evaluation by using the functionalities of the fuzzy-toolbox of MatLab.

The workflow for the user is supported by the toolbox in five steps as follows ([3], [4]):

1 FIS Editor 
1 Membership Function Editor
1 Rule Editor
1 Rule Viewer 
1 Surface Viewer

The first step is to specify the dimension of the problem and the corresponding fuzzy system. In the example, there
are three sets of measurements each with an additional and separate quality set, i.e. 6 inputs as depicted in figure 4. 

In the second step the membership functions have to be specified. For each type of measurement the classification 
according to the interpretation function i is demanded. Additionally a classification for the quality of the measure-
ment is necessary: Here, the workflow in practice differs from the theoretical one by assuming only a set of possible
quality values such as “good”, “medium”, and “bad”.

Fig. 4: fuzzy evaluation system

Fig. 5: specification of the classification

The most important step is defining the rules for final classification within the rule editor: In this step, the user has
the choice to combine the interpretation of the measurement values with the corresponding quality values. As ex-
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plained in the theoretical section of the paper, such a valuation can be applied for the interpolation phase as well as
for classification phase. The theoretical concept and the toolbox support both ways, a general decision and sugges-
tion in this point can not be made because it depends on the individual objectives of the analyze and the data avail-
able.

Independent of the fact whether the rule set is designed for interpolation or for classification purposes, it has to be
emphasized, that in both cases, not only an interpolation or a classification result has to be derived. In addition, for
every value treated a corresponding quality value has to be provided from the fuzzy system and therefore a corre-
sponding rule set to derive these quality measures must be developed in correspondence to the value generating rules.

Especially to explore the influence of these rules, a rule viewer is offered by the MatLab toolbox (see fig. 6). This
tool marks the rules that are active when a certain input is offered to the system. Doing so, the rule viewer supports
the users to develop a complete and consistent set of rules, but it does not show the effects of the rules on the final
objective, the interpolation or the classification. To give the users an additional instrument to get a “picture” of the
problem and the resulting classification, a special visualisation tool has been developed that is sketched in the follow-
ing section.

Fig. 6: The rule viewer

7. The Visualization Tool

The visualisation tool offers beside of the fuzzy component the regular methods for interpolation such as nearest
neighbour, linear, ... to make comparisons between the fuzzy-based approach and the standard methods possible.
However, main intention for the visualization tool is to give the user an interactive and stepwise support to get an
impression of the data set under consideration and the model derived from these data. The visualization component is 
able to work on the data format of the fuzzy system in every stage of the workflow.

Figure 7 shows the interface. On the right side the selection of the data is offered, that are visualized separately or in
a common view. Thus, integration of different measurements in a single view (and a single model) is possible. The
measurements are marked by circles, the can be evaluated in the sense of interpolation or classification by one of the
methods offered in the pull-down menu on the left side. To explore the data, iso-surfaces and intersection planes can
be defined interactively. In complete analogy to the data evaluation process, a second window contains the identical
view for the quality attribute. If both windows are used, changes in the viewpoint for the 3D-model are synchronized,
giving always an identical perspective on measurement and quality data.
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Fig. 7: The visualization tool: interface, intersection planes and iso-surfaces
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8. Conclusions
Thus, the paper emphasizes the value of a proper mathematical formalisation as base for discussion and interpreta-
tion of environmental data that normally are incomplete and uncertain. The formalisation not only allows a compact 
description of the problem, but also facilitates a correct mathematical and algorithmic treatment and an efficient ap-
proach to calculate the high dimensional and large-array problem with a tolerable amount of CPU-time.  

It offers: 

a) A framework to build own interpretation and visualization workflows to combine different data sets.  

b) A base for discussion of the different methods for classification and error minimization in well defined and 
clear-cut steps with emphasis on their interdependencies. 

c) The opportunity to integrate knowledge on the system under consideration step by step and in scalable man-
ner (as exemplarily explained for the granularity of the quality value).  

However, it shows that the apparently simple task of data visualisation implies serious problems concerning data in-
terpretation that cannot be solved automatically even not by the most elaborated and sophisticated visualization tools. 
All the steps between raw data and ostensive visualization have to be masterminded by lots of knowledge, which has 
to be elaborated from the experts sometime.  
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