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Abstract. High spatial resolution is one of the major aims in photoacoustic tomography. Two main
factors limiting the resolution of photoacoustic tomography are the detector size and the finite band-
width of the ultrasound detection system. We present a quantitative analysis of those effects for “ap-
proximate point detectors” and for “approximate line detectors”.
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1 Introduction

Photoacoustic tomography (PAT) is a novel imaging method for visualizing the electromagnetic absorption coeffi-
cient of a medium at low frequencies. It is based on the excitation of high bandwidth acoustic waves by illuminating
a probe with pulsed electromagnetic energy, and combines the advantages of optical (high contrast) and ultrasonic
imaging. We refer the reader to [22, Section 1.5] for a detailed mathematical description. PAT has proven great
promise for a variety of biomedical applications, such as imaging of animals [15, 23], early cancer diagnostics
[16, 19], and imaging of vasculature [4, 14]
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Figure 1: Thermoelastic effect: Parts of a specimen are illuminated with electromagnetic energy and react with expansion

If a probe is illuminated with a short pulse of non-ionizing electromagnetic radiation, it absorbs a fraction of energy,
heats up, and reacts with an expansion (the so called thermoelastic effect; see figure 1). This in turn induces an
acoustic wave, which is recorded outside of the object. Other than in conventional ultrasound imaging, where the
source of the acoustic wave is an external transducer, in PAT the source is the imaged object itself. The frequency
bandwidth of the recorded signals is therefore generally broad and depends on the size and the shape of illuminated
structures.

If we assume that the probe is acoustically homogeneous, then the excited acoustic pressure p : R? x (0,00) — R
satisfies

(97 —A) p(x,1) =0, (x,1) € R x (0,00), (1a)
p(x,0) = f(x),9:p(x,0) =0, xeR, (1b)

where A denotes the Laplacian with respect to the spatial variable x and o, is the derivative with respect to the
temporal variable 7. For simplicity of presentation we assume throughout that /' € C°(Bg), where Bp C R? is
the ball with radius R centered at the origin. Here and in the following, CZ°(Q2) denotes the space of all smooth
functions f : R? — R with have compact support in the set Q C R3.

In the following we denote by #3 : C(R?) — C(R> x (0,0)) the operator that takes smooth compactly sup-
ported initial data to the solution of (1a), (1b). The goal of PAT is to reconstruct the initial pressure f (representing
the probe) from measurements of (%3 f)(x,) taken outside of Bg.
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Figure 2: Photoacoustic tomography with piezoelectric transducer as an “approximate point detector”.

1.1 Approximate point-detectors

The classical approach in PAT is to assume that point data
(Pf)(z,t) == g(z,t) == (WP f)(z,1), (z,1) € dBg x (0,00),

are given (dBg denotes the boundary of Bg). The operator P : C*(Bg) — C™(dBg % (0,0)) that maps a compactly
supported initial data to the data measured by an ideal point detector can be inverted uniquely [1, 2]. In [6, 7] it
is shown that P is an isometry with respect to the inner products [p f1/> and 2/R [55. . (0 ) 18182 on C7(Bg) and

C=(9Bg % (0,%0)), respectively. The inversion is therefore even stable with respect to the L? topologies. Exact
expressions for its inverse
P! :ran(P) C C*(dBg x (0,00)) — C(Bg)

are derived in [6, 17, 25]. Here and in the following ran(P) := {P f': '€ C;°(Br)} denotes the range of P.

In practical applications, the detection system has a finite bandwidth. Moreover, standard ultrasound transducers,
which integrate the pressure over its surface, are used to approximate point data. If we assume that the transducer
surface is part of the measurement surface and rotationally symmetric (see Fig. 2), then the measured data are
given by

Py f)(z,1) = [(I) *,/ w(lz—2) 3P f)(2,)dS(Z)] (1), (z,¢) € dBg x (0,0).

JdBR

Here w(r) represents the sensitivity of the detector surface, ¢(7) denotes the impulse response function of the
ultrasound detection system, and x; is the convolution with respect to ¢.

Insufficient knowledge of w and ¢, as well as the severe ill-posedness of deblurring problems make it impossible
to stably invert Py ,,. It is therefore common to apply the exact inverse of P to the data Py ,, /. This results in a
blurred reconstruction, where the blurring depends, e.g., on the detector size. Exact blurring kernels will be given
in Subsection 1.3.

1.2 Approximate line-detectors

In order to partly overcome the size and shape limitations of point detectors, in [3, 11, 21] we propose PAT with
line integrals

LA@) = [ FPENASE), (1) € DBrx (0.%),
where ¢, is the unique line passing through z, being tangential to dBg, and orthogonal to es;. The inversion of L
requires a two step reconstruction procedure:

« For fixed orientation of ¢,, the data (L f)(z,¢) is the solution of the two dimensional wave equation where
the initial data are given by the linear projection of /" in that direction [11]. Hence linear projections of f can
be obtained by recovered the initial data of the two dimensional wave equation from values of its solution
on a circle.

* In a second stage, a three dimensional image is reconstructed from the projection images by applying the
inverse two dimensional classical Radon transform in planes orthogonal to the rotation axis.
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Figure 3: Photoacoustic tomography with a laser beam as “approximate line detector”.

The operator L : C2°(Bg) — C*(dBg % (0,°)) that maps a compactly supported initial data to the data measured
by an ideal line detector can be inverted uniquely. Exact inversion formulas have been derived in [5, 11, 17, 18].

In practical applications the line detector is approximated by a cylindrically symmetric laser beam that is part of an
interferometric setup (see Fig. 3). Such a laser naturally integrates the pressure over its volume [9, 21], and thus

(Lowf)(z,1) = [¢ sk /]R3 w(dist(éz,x))(Wwf)(x,t)dx , (z,1) € dBg % (0,00)

are the actually available data. Here w(r) represents the radial profile of the detecting laser beam, ¢(¢) is the
impulse response function of the ultrasound detection system, and dist(¢;,x) denotes the distance between line ¢,
and point x.

Again, application of L™! : ran(L) — C7°(Bg) to the data Ly, f leads to a blurred reconstruction. However,
the laser beam can be made very thin, suggesting that the one dimension approximation with approximate line
detectors gives less blurred images than the zero dimension approximation with approximate point detectors. Our
aim is to make such statements precise, by calculating analytical blurring kernels and to investigate the resolution
for both kind of detectors.

1.3 Analytic expressions for blurring kernels

Our first result explicitly characterizes the blurring kernel of point detectors:
Theorem 1. Let f € C(Bg), and let ¢, w : R — R be even function such that x € R? — ¢'(|x|)/|x| and z €
dBR — w(|z — z9|), are absolutely integrable, for some 2o € dBr. Moreover, assume that supp(¢) C [—7T, 1|, where

7 :=dist(supp(f),dBr) and supp(¢9) := {t: ¢(¢) # 0}.
Then Py ,, f € ran(P) and

(P*1 P¢7Wf) (x) = [(I)band * /R} Wpoint(+,X') f(x") dx| (x), X € Bp, )
with the blurring kernels
Doand () := —7¢"(|x[)/(2|x]), xeR’, 3)
R2
Wpoint (X, X') := W5(|x|—|x/|)w(|x—x/} R/|x|) , x,x eR’. 4)
X
Proof. See Section 2. (|

As a consequence of Theorem 1, the detector aperture causes blurring in the lateral direction, which becomes more
severe near to the recording surface. The finite bandwidth, on the other hand, causes spatially invariant blurring.

We will also prove a corresponding result for approximate line detectors:
Theorem 2. Let [ € C°(Bg), and let ¢,w: R — R be even functions such that x € R* — ¢'(|x|)/|x| and x €

R3 — Jix 9ew(8)/\/ &% — x| d& are absolutely integrable. Moreover; assume that supp(¢ xw) C [—T, 7], where
7 := dist(supp(/),dBg).
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Then Ly ,, f € ran(L) and

(L71 L¢-,Wf) (X) = (Pband * Mine *f) (x), X € Bp, 5)

where ®@yang is as in (3), and

VVlme :: X¢&€ R3 . (6)

/ 35 W
Xl g2 — |x
Here both blurring effects are spatially invariant.

Proof. See Section 3. U

1.4 Prior work and innovations

Analytic expressions for the blurring kernels with approximate line detectors are presented for the first time. Exact
blurring kernels for approximate point detectors have also been derived in [24]. However, we present a completely
different and probably simpler analysis, which is based on geometric arguments and the rotational invariance of the
wave equation. Moreover, in [24] the authors did not show that Py ,, / € ran(P). Instead, they applied a particular

inversion formula (i.e. an extension of Pp oint OUtside the range of Ppyine) to the blurred data. Hence their results

depend on the used extension, whereas our results are independent of any particular inversion formula. On the
other hand, the results of [24] can be applied even if ¢ is non-symmetric, in which case ¢ *; (Ppoint /) & ran(P).

2 Blurring kernels for approximate point detectors

The main goal in this section is the derivation analytic expressions for the blurring kernels due to the detector size
and bandwidth. The proof of of Theorem 1 will follow from the following Propositions 2.1 and 2.2 and will be
given at the end of this section.

Proposition 2.1. Let f € C(Bg), let w: R — R be an even function such that z € dBgr — w(|z — z9|) is absolutely
integrable for some 7y € dBg, and define

: 2
fw(x) = '/R} Lf?B(M - |x’|)w(‘x—x’|R/|x|)1 f(x') dx, X € Bg.

Then _
(PL)@0:= [ wz=ZRNENSE),  (21) €Sex (0.), )

Proof. Our first goal is to calculate an expression for f,, without the Dirac é function. To that end, denote x = p o,
X' =p’c’ with p,p’ € (0,) and &,6’ € S%. Then

fu(x) =R /S; (/: 8(p—p"w(lpo—p'c’|R/p)f(p'c") dp’) do’

fRZ/ (jlo—0o'|R) f(pa’) do’

Now define i
pu(po,t) := R /Szw(|0—G/|R)(V/3Df)(p6’,t) do’

We will show that p,, = #73P f,,, which then implies (7), since

/S' w(|Ro —2|)p(z,1)dS(2) = R? /S W(R|6—0')p(R’,1)d6' = (Pfu)(Ro.1),  (Ro.1) € S x (0.09).

To that end, let Q[0,¢] : R?* — R be a rotation with
0[0,¢)es = (sinBcos¢,sin Osing,cos ), (6,0) € (0,m) x (0,27).

Introducing spherical coordinates around axis ¢ shows that
w(po,1) R2/ / (o —0[6,9]c|R)(#7" f)(pQO[6,¢]0,1)sin 040

27
=R2/0 w(2R(1 - cos6))sin6 [ (#°2 1)(016.](po).1)d0ds .

1739



I. Troch, F. Breitenecker, eds.  ISBN 978-3-901608-35-3

The rotational invariance of the wave equation implies that (po,7) — (#°C f) (0[6,9](po),1) is a solution of
the wave equation and its linearity implies that so is p,,(po,?). Since the initial conditions p,,(x,0) = f,,(x)
and Jp,(x,0) = 0 immediately follow from the definition of p,, this implies p,, = #73P £, and concludes the
proof. (|

The next proposition deals with the blurring to the finite bandwidth of the detection system.

Proposition 2.2. Let f € C2°(R3) and et ¢ : R — R be an even compactly supported function such that ®pang (X) :=
—no/(|x])/(2|x|) is absolutely integrable. Then # 3P (®yauna * 1) (X,1) = (¢ % #3L £)(x,1), for X outside the sup-
port of Ppang * f.

Proof. Let ¥(x) = y(|x|) be a radially symmetric absolutely integrable function. Our aim is to find an analytic
expression for #/3P (W« f) in terms of the solution %3P f of (1a), (1b) and the to adjust ¥ such that 73 (¥« f) =
¢ *, #P f outside the support of ¥ x .

D’ Alemberts formula for the solution of the three dimensional wave equation (see [13]) applied to initial data
W« f reads

WD (W 5 f)(x,1) = ia,f/ (/ f(x’)w(|x+tw—x")dx’) dS(®).
dr - Js2 \Jr3
Substituting X' = x + po, with p > 0 and o € S?, in the inner integral, and applying Fubini’s Theorem leads to
1 00
o) = o [, ([ [ rix popwtpo —ralpapasio) ) asio)
ar  Js2 \Js2 Jo
° 1
—an [ [ rix+po) (4 [ wllpo - rahasia)) pdpas(o)
0 Js 4w /s

The inner integral in the last expression is the (spherical) mean of W(x) = y/(|x|) over a sphere with radius #
centered at po. Denoting by /y, a primitive of s — y/(+/s), then [12, Lemma 5.1] assures that

_ Iy((p+1)?) —Iy((p —1)?)
4tp

)

+ | wilpo —ralas(o)

provided p,# > 0. Consequently

PP N0 =70 [ (((+7) ~1u((p=0?)p [ 7+ po)ds(o) dp.

Differentiating under the integral leads
1 noo .
W) (x,0) = 5 /0 (p—1)w(lp—1)) (p /S2‘f(X+pG)dS(G)) dp,  xdsupp(¥x/). (3

On the other hand, again by D* Alemberts formula, we have

@7 0 =3 [ 0=p) (p [, 7ix+po)asa) ) dp. ©)

Equations (8) and (9) coincide if sy/(|s|) = —5¢'(s) for all s € R. Since ¢ is assumed to be an even function, this
is the case if

w(s):—g@, s>0.

This concludes the proof by taking ¥ = ®jpe. (|

Proof of Theorem 1. Propositions 2.1 and 2.2 imply that
(Pow f)(x,1) = (q) *,/S w(|z—z’|)(7/3Df)(Z/’ ~)dS(z’)> (1)
R

= (‘P *t (WSwa)(X7 )) (1) = (WsD(q)band *fw) (x,2), X & supp(Ppand * f) -

Together with support hypothesis on ¢ this shows that Py, f = P(®@pang * fiv). Therefore Py ,, f € ran(P) and
P! Py v f = Ppand * fr which concludes the proof.
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3 Blurring kernels for approximate line detectors

The main goal in this section is the proof analytic expressions for the blurring kernels due to the detector size and
bandwidth of Theorem 2. In the following let 72" : C*(R?) — C°(R? x (0,00)) denote the operator that takes a
compactly supported initial data to the solution of the two dimensional wave equation

(97 =A) p(x,1) =0, (x,1) € R? x (0,00, (10a)
p(x,0) = f(x),0;p(x,0) =0, xeR%. (10b)

First we calculate the blurring kernel due to the detector size. To that end, we will make use of the following
Lemma:

Lemma 3.1 (Acoustic reciprocal principle in two dimensions). Let f € C*(R?) and let ¥ be a compactly supported
absolutely integrable function. Then ¥ (WP f) = WP (¥ x f).

Proof. D’ Alemberts formula for the solution of (10a), (10b) is (#*" £)(x,t) = 0, (g * f) (x,¢) with

g(x,1) ::{ 1/(”\/@), ifz > |x],

0, otherwise,
see [13]. The symmetry of the convolution implies that
W (WP f) =¥ xd(gxf) = h(¥rgxf) =g+ (¥ f) =W (¥ /),
and concludes the proof. |

Proposition 3.2. Let 1 € C2(R?), let w: R — R be a compactly supported even function such that Wipe(X) =
—1/7 [59:w(E)/\/ &2 — x> d& is absolutely integrable.

Then, for any line { C R?,

| /]R wl(dist(6, ) 0P ) (x.)dx = /ﬁ WD (Wine # f) (x,1)dS(x) . (11)

Proof. Without loss of restriction we shall assume that ¢ is of the form ¢ = R(1,0,0) + (0,z;,z»). Moreover we
write X = (x1,X;) with x; € R and x, in R? and denote by X the X-ray transform restricted to lines pointing in
(1,0,0) direction,

(Xh)(x2) :z/Rh(xl,xz)dxl, heC(RY).

The commutation relation of the Laplacian with the X-ray transform implies that #2° X = X #3P, see [10, The-
orem 1]. Therefore

[ widisex) 7P pxadx = [ [ wllz = xa) #1320
R3 R2 JR

= [ wllz =) (XA ) (32, 1)
= (w(l-) « (XA 1) (22,0) = (w(l-) x (#PX)) (2st). (12)

Let U(x) = u(|x|) be a radially symmetric integrable function. Writing x’ = (x,x5) with x| € R and x} in R?, and
applying Fubini’s theorem shows

XU = [(Uf)x0)dsx)
= [ (L L= x00 a2 1 s )
-], (/ (11— 1)+ [x2— X ‘/Z)dxl)f(xg,x;>dx;dxq
= L (L by 2)as ) i

= e (A“<<S2+ x2 x'z<2>1/2>ds> (X 1) (xb )
= [ Al = DX N8 = (11X 1) (x2), (13)
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where we defined 7,(§) := [pu((s> +&2)!/2)ds.

The relation X #3P = #/?P X, identity (13), and the acoustic reciprocal principle Lemma 3.1, imply

/ZWSD(U*f)(XJ)dS(X) = (X2 1) (21) = (PPX(U 1)) (2.1)
= (7P ) +X 1)) (,1) = (L(|) = (PP X [)) (z1). (14)

Consequently the left hand sides of (12) and (14) coincide, if
ndn
W& = (@) = [ulls+6) s =2 [ utn) T
R /n2 = &2

This is an Abel integral equation for the function . Its solution is (see [8, 20])

:_7/ 8/23} nz

This concludes the proof by taking U = Wjjye. O

Next we calculate the point spread function due to finite bandwidth.

Proposition 3.3. Let f € C2(R?) and let ¢ : R — R be an even compactly supported function such that ®pang(X) 1=
—nd'(|x|)/(2|x|) is absolutely integrable. Then

051 [P Dxn)dx = [ (1P g (1, 1)d (15)
for any line { outside the support of @pang * f.

Proof. Proposition 2.2 states that ¢ %, (#°P f) = #>P (®ynq * f) outside the support of of @panq * /. Integrating
this identity over £ proves (15). O

Proof of Theorem 2. According to Propositions 3.2 and 3.3
o [ wldist(E.x)) 1P P)(x0)dx = 050 | #P Wine £)(x.00dx = [ #32(6 5 Wie 1) (1)
JR l 4

By taking { = {,, z € Bg, and using the support hypothesis on ¢ xw, this shows Ly ,, f = L(@pand * Wiine * f).
Therefore Ly ,, f € ran(L) and L! L v/ = Pvand * Wiine * | which concludes the proof.

4 Discussion and Conclusion

In this note we derived analytic expression for the point spread functions in PAT due to the finite detector size and
the finite bandwidth of the ultrasound detection system. We showed that the point spread functions due to the finite
bandwidth is spatial invariant. The point spread functions due to the detector size is only spatial invariant in the
case of approximate line detectors.

The full with half maximum of the point spread function is a typical parameter to measure spatial resolution.
Ignoring effects of finite bandwidth, Theorems 1 and 2 show that the lateral resolution of PAT with “approximate
point detectors” is airansducer |X| /R, Where airansducer 1S the diameter of the ultrasound transducer, and the (uniform)
resolution of PAT with “approximate line detectors” is approximately djaser, the width of the detecting laser beam
(See Figure 4). Typical values ayansducer = 2 ¢m and apaser = 0.1 cm point out the improved spatial resolution of
PAT with integrating line detectors.
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Figure 4: Examples for a beam profile w(r) and profile —1/7 [”(dsw)/V/s*> — r?ds of the corresponding point spread
function Wjj,e (x). One recognizes that the full with half maximum of both functions are similar.
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